It is known [5] that the class of abelian (totally) ordered groups (o-groups) has the amalgamation property. Relying on the injective property of %-groups, the indicated proof is existential in nature, and yields no information about the amalgamations. In this paper we present two ways to construct all amalgamations of a subgroup of two abelian o-groups. For the first way we merely consider a certain class of homomorphic images of the abelian amalgamated free product (Theorem 1.2).
The technique quickly yields some general information about the structure of the class of all amalgamations of a given subgroup (Corollaries 1.3 and 3.3) . The second way is more specific, involving the existence of certain embeddings of the groups into a Hahn group (Theorem 2.8 ). An amalgamation is called minimal if it admits no o-homomorphisms which are 1 -1 on the component groups. These turn out to be important because every amalgamation is a lexicographic extension of a non-essential group by a minimal amalgamation (Lemma 3.1) . In § 4 we use the second construction to determine when there is precisely one minimal amalgamation (Theorem 4.3) , and if there is more than one, how many there are (Theorem 4, 6) . In addition, we determine under what conditions there is exactly one amalgamation (Theorem 4.4) .
The possibility exists that these techiques can be adapted to the class of abelian lattice-ordered groups (^-groups) since the author in [6] has shown that the class of abelian Z-groups has the amalgamation property. The class of i-groups, however, does not have this property (see [6, Theorem 3.1] ). The author in [6] and N. R. Reilly in [7] have determined some sufficient conditions for amalgamation to occur in this class.
real numbers. | x\ stands for the cardinality of x, and we let | R \ -c. We sometimes denote a partially ordered group by [H, P] where P -H + is the positive cone (partial order) of H. The lexicographic direct sum of the α-groups G and H is written as G 0* H (i.e., 0<g + hiΐ0<h, oτ h -0 and 0 < g). The classes of groups and o-groups are denoted respectively by 5f and <£?.
The reader should consult [3] for basic facts about o-groups. [4] is also a good reference. (1) (1) it is unique. Thus (2) (3) and completes the proof of the corollary.
2* Constructing amalgamations using Hahn embeddings* LEMMA 2.1 [7] . Every partial order on a set can be extended to a total order. Proof. Let B Π Γ = A and extend the orders on B and Γ to a partial order of B (J Γ by letting β ^ 7 if β ^ a ^ 7 for some ae A or if β, β*, 7, and 7* all determine the same cut of A, and letting 7^/3 if 7 ^cx rg β for some ae A. Its extension to a total order yields Δ as desired. For Δ f , first identify /9* and 7*, then proceed as above. 
for all δeJ\Γ produces an extension. To prove uniqueness we note that the spine of any extension is Γ a , so by Lemma 2.4 all extensions are equal to the one just defined.
Every subgroup of a jΓ-group admits a unique Γ-valuation making it a .Γ-subgroup.
For each TGΓ let R r be an archimedian o-group. The Hahn group V(Γ, R γ ) is the subgroup of Π R r (j e Γ) consisting of all functions with inversely well-ordered support, ordered by letting / be positive if its greatest nonzero component is positive.
elegant, is too restrictive ( § 4), so we will use Conrad's decomposition proof from [2] , outlined below, A collection T of subgroups T r of a 
LEMMA 2.7 [2]. If Jϊ is a c-subgroup of L and T is a J-decom,-positίon of L then T Π H is a Δ-decomposition of H.
REMARK. This lemma, and hence also the proof of the following theorem, fails if we use Banaschewski functions instead of decompositions. For example, let Γ be the set of strictly negative integers, L = V(Γ, R δ ) (R s = R) and let H be the divisible subgroup generated ΣRsiJ^-2) and the element ( 
; V{H)-> V(M) and v 2 \ V(K)-+V(M).
Note that amalgamation which is an expansion of L by the homomorphism pπ, and which is freer than L via the natural projection map. We will call such a construction a vertical expansion of L. Thus M is a vertical expansion of the amalgamation (J9, But D is equivalent to L via τ^θ. THEOREM 
Let ^€ he a component of £f*(G, H, K) with least member (L, Ύ] u r] 2 ). Then ^ is order isomorphic to OQ(H L /G).
Proof. Let Λί£C0*L and M'sC"0*Z, be vertical expansions on L induced by π and it* respectively. One easily checks that M > M' if and only if ker (TΓ) £ ker (TΓ' ) and the induced homomorphism from C to C preserves order; that is, M>~ M' if and only if £Γ L /ker(ττ) ^ iϊ L /ker(τr') in OQ(H L /G). This provides the desired isomorphism. Proof. (1) is obvious, and (2) is an immediate consequence of there being exactly two orders on Q, both archimedian. As for (3), Teh [8] has shown that a rational vector space of rank greater than 1 admits at least c orders. If δ is infinite, there are Proof. Suppose (2) We consider two cases, depending on whether or not β and 7 are in A. If neither is in A then the hypotheses on h and k imply that for all ae A, either a is greater than both β and 7 or less than both. By the proof of Lemma 2.2 we can find amalgamations A and Δ f of A in B and A such that β < 7 in A, but 7 < β in Δ r . These then lead to two standard amalgamations, in one of which the image of h is strictly less than that of k, and in the other the order is reversed. Thus by Lemma 4.1 they are incomparable. Since standard amalgamations are minimal, ^f has at least two components. On the other hand, suppose that β = y = aeA, and let (L, η u η 2 ) be any amalgamation. As usual, embed B and Γ in J, the spine of L, and without loss of generality consider L £ V{L). Let V = V(Δ\ R δ ) where Δ' arises from Δ by adjoining ε, and the order is extended by defining e < δ for all δ ;> α, and δ < ε for all δ < a. Let R δ = L a /L, and let i2 ε = Q. V(L) can be naturally embedded in V. Since G Π Qh -0, one can find a group homomorphism τ: H-+R ε such that G + H a Qker (τ) and ΛΓ = ±1, depending on whether kη ι ^ kη 2 or &% ^ krj x . Finally then, using τ we can expand to the amalgamation (M, μ l9 μ 2 ); i.e., μ 2 = %, and for xeH, xμ x {δ) -χy]ι(δ), and xμ^έ) = xτ. By hypothesis α: is not the least element of both B and Γ, so M is also minimal. We claim that L and M are incomparable. (?/£?«, as embedded in H/H a and Z/iΓ α , does not separate h + H a from ά + iΓ α . Thus by Lemma 4.2, /^(α) = krj 2 (ά) . But {hμ 1 -kμ 2 ){e) = ±1, the sign chosen so that hμ ι -kμ 2 has sign opposite from hη ι -kη 2 . Thus by Lemma 4.1 the amalgamations are incomparable, so again £? has at least two components. Proof. Suppose ^f has more than one component. By Theorem 4.3 there exist 0 < he H and 0 < ke K, not having the basic archimedian value if one exists, such that G does not separate h from k. Let h have value β 9 and k have value 7. We distinguish two cases. Suppose β is the least element of B and 7 is the least element of Γ. Since neither is in A, there is an amalgamation Δ of A in B and Γ such that β -7. Since G β = G β , the choice of v lβ : H β /H β -+ R β and v 2β : K β /K β ->R β in the construction of a standard amalgamation can be arbitrary. We let {h + Hβ)v lβ = 1 and for some positive real number r let (k + K β )v lβ -r. Evidently the induced standard amalgamations, one for each r, are mutually nonequivalent. On the other hand, suppose not both H β and K β are zero. Let (L, Vu Vz) be any standard amalgamation. We imitate the construction in the latter part of the proof of Theorem 4.3, except that we also choose a group homomorphism π\ K-> R ε such that G + K β £ ker (π) and kπ = r Then we define μ 1 as before, and μ 2 as xμ 2 (δ) -xη 2 {S), and xμ 2 (e) = xπ. Then the collection of amalgamations, one for each r, again form a mutually nonequivalent set of minimal amalgamations.
